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SPECTRAL MULTIPLIERS ON 2-STEP GROUPS: 
TOPOLOGICAL VERSUS HOMOGENEOUS DIMENSION 

ALESSIO MARTINI AND DETLEF MULLER 


Abstract. Let G be a 2-step stratified group of topological dimension d and 
homogeneous dimension Q. Let £ be a homogeneous sub-Laplacian on G. 
By a theorem due to Christ and to Mauceri and Meda, an operator of the 
form F(C) is of weak type (1,1) an( l bounded on L P (G) for all p E (l,oo) 
whenever the multiplier F satisfies a scale-invariant smoothness condition of 
order s > Q/2. It is known that, for several 2-step groups and sub-Laplacians, 
the threshold Q /2 in the smoothness condition is not sharp and in many cases 
it is possible to push it down to d/2. Here we show that, for all 2-step groups 
and sub-Laplacians, the sharp threshold is strictly less than Q/2 , but not less 
than d/2. 


1. Introduction 

Let £ = — A be the Laplace operator on R d . Since £ is essentially self-adjoint 
on L 2 (G), a functional calculus for £ is defined via the spectral theorem and an 
operator of the form F(£) is bounded on L 2 ( R d ) whenever the Borel function 
F : R —>■ C is bounded. The investigation of necessary and sufficient conditions for 
F(C) to be bounded on L p for some p ^ 2 in terms of properties of the “spectral 
multiplier” F is a traditional and very active area of research of harmonic analysis. 

Among the classical results, a corollary of the Mihlin Hormander multiplier the¬ 
orem gives a sufficient condition for the L p -boundedness of F(C) in terms of a local 
scale-invariant Sobolev condition of the form 

(!) IIUIl* s1oc := sup II F(t-) ? 7 || if < oo 

s ’ SIOC t> o 

for appropriate q G [1, oo], s G [0, oo); here 77 G C£°((0, oo)) is any nonzero cutoff 
and L q s is the L q Sobolev space of order s. 

Theorem 1 (Mihlin-Hormander). Let C be the Laplace operator on W 1 . Suppose 
that the function F : R — > C satisfies ||E || L 2 ^ < oo for some s > d/2. Then 

the operator F(C) is of weak type (1,1) and bounded on L p (WL d ) for all p G (1, oo). 
Further, the associated operator norms are bounded by multiples of ||E || L 2 ^ . 

Actually this result is usually stated by restricting the supremum in JTJ to t > 0. 
However, with the above definition, 

ll F IU* s ioc ~ l F (°)l + sup ||-F(b) 7711^ 

s,sl°c t>0 

and, since the Laplace operator C on K. d has trivial kernel, the usual statement is 
recovered by applying Theorem |T] to the multiplier {q> . On the other hand, 
given that we will also discuss operators with nontrivial kernel, the definition in (fT|) 
seems more convenient here. 
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The threshold d/2 on the order of smoothness s in Theorem [T] is sharp. More 
precisely, if we define the sharp threshold <r(£) as the infimum of the s G [0, oo) 
such that 

(2) 3 C G (0, oo) : VF G B : \\F(C)\\ L ^ L ^ < C 

where B is the set of the bounded Borel functions on R, then <;(£) — d/2. This can 
be seen, e.g., by taking F{ A) = |A| M , a G I\ { 0 } (see, e.g., [3 SUSS])- The same 
example shows that the threshold d/2 remains sharp even if we consider a weaker 
version of the result, without the weak type ( 1 , 1 ) endpoint and with a stronger 
assumption on the multiplier, in terms of an L°° Sobolev norm. Namely, if $_(£) 
is defined as the infimum of the s G [0, oo) such that 

(3) Vp G (1, oo) : 3C G (0, oo) : Vf G B : \\F(C)\\ LP ^ LP < C ||F|| L « ^ 

then it is also <?_(£) = d/2. Further, the endpoint result in Theorem [T] can be 
strengthened in the case of compactly supported multipliers F: if <?+(£) is the 
infimum of the s G [0, oo) such that 

(4) 3 C G (0, oo) : VF G B c : sup \\F(tC)\\ L i^ L i < C \\F\\ L2 , 

t> o 

where B c = {F £ B : suppF C [—1,1]}, then again c+(£) = d/2. By taking 
F( A) = (1 — A)“, this strengthened result yields the sharp range of a (namely, 
a > d/2 — 1) for which the Bochner- Riesz means of order a are L 1 -bounded (see, 
e.g., [35] p. 389]). 

Results of this type have been obtained in more general contexts than R d , par¬ 
ticularly when £ is a second-order self-adjoint elliptic differential operator on a 
manifold M. For instance, when M is a compact manifold, then <?(£) = d/2, where 
d is the dimension of M (341 . Things can be very different on noncompact manifolds 
and it may even happen that <?(£) = oo (see, e.g., [B][5]). However the lower bound 
$•(£) > d/2 is always true. In fact, locally, at each point of M, £ “looks like” the 
Laplacian £ 0 on R d and one can prove that $(£) > <r(£o) and <Gl(£) > ?±(£o) by 
a transplantation argument |19j . 

Much less is known about sharp thresholds when the ellipticity assumption is 
weakened. Consider the case of a homogeneous sub-Laplacian £ on an m-step 
stratified group G of homogeneous dimension Q. In other words, G is a simply 
connected nilpotent Lie group, whose Lie algebra g is decomposed as a direct sum 
0 = (B'JLi Qj of linear subspaces, called layers, so that [ 0 j, 0 i] = 0 j+i for j = 

1,..., to - 1 and [g m , gi] = {0}. Moreover Q = Y,"Li j dim g ;/ and £ = - X h 
where X \,..., Xk are left-invariant vector fields on G that form a basis of the 
first layer 0 i. The sub-Laplacian £ is a left-invariant second-order self-adjoint 
hypoelliptic differential operator on G , which is not elliptic unless m = 1, i.e., 
unless G is abelian and £ is a Euclidean Laplacian. 

Homogeneous sub-Laplacians on stratified groups have been extensively studied, 
also because of their role as local models for more general hypoelliptic operators 
(see, e.g., [33J HH ED 157]b Several generalizations of Theorem [T] to this context 
have been obtained lamanD], culminating in the following result independently 
proved by Christ [4] and by Mauceri and Meda (25 j. 

Theorem 2 (Christ, Mauceri and Meda). Let £ be a homogeneous sub-Laplacian 
on a stratified group G of homogeneous dimension Q. Then ?(£) < Q/2. 

Note that Q > d, where d = dirng is the topological dimension of G. In fact 
Q = d if and only if to = 1. Hence Theorem [2] reduces to Theorem [T] when G is 
abelian and in this case it is sharp. Note also that Q coincides both with the local 
dimension (associated to the optimal control distance for £) and the dimension at 
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infinity (i.e., degree of polynomial growth) of G. Therefore, for many purposes, the 
homogeneous dimension Q of a stratified group G plays the role that the dimension 
d plays for the Laplace operator on M. d . 

Also for these reasons, the threshold Q/2 in Theorem [2] was expected to be 
sharp in any case and the discovery of counterexamples came initially as a surprise. 
Consider the simplest case of nonabelian stratified groups G, i.e., the Heisenberg 
groups, where m = 2 and Q — d = dim 02 = 1. Muller and Stein m proved 
that, for all homogeneous sub-Laplacians £ on Heisenberg groups, <;(£) = d/2. 
Independently Hebisch [L5] proved that <r(£) < d/2 on the larger class of groups of 
Heisenberg type. 

After this discovery, in the last twenty years several other improvements to The¬ 
orem [5] in particular cases have been obtained and the inequality ?(£) < d/2 has 
been proved for many classes of 2-step groups HU HU mi EH M- However, to 
the best of our knowledge, the upper bound ^(£) < Q/2 of Theorem [2] has been 
so far the best available result for arbitrary stratified groups, or even for arbitrary 
2-step stratified groups. Moreover, apart from the abelian case, the lower bound 
g(£) > d/2 has been proved only for the Heisenberg groups. 

The result that we present here applies instead to all 2-step groups and homo¬ 
geneous sub-Laplacians thereon. 

Theorem 3. Let £ be a homogeneous sub-Laplacian on a 2-step stratified group G 
of topological dimension d and homogeneous dimension Q. Then 

d/2 < «_(£) < <?(£) < ?+(£) < Q/2. 

Note that the intermediate inequalities ?_(£) < <;{£) and <;(£) < <?+(£) fol¬ 
low from standard arguments (the former is a consequence of the Marcinkiewicz 
interpolation theorem; for the latter, see, e.g., EH Theorem 4.6]). The extreme 
inequalities are the ones that need a proof. 

The inequality <r_(£) > d/2 is obtained by studying operators closely related to 
the Schrodinger propagator e ltc . As we show in Section^ via a Mehler-type formula 
we can write the convolution kernels of these operators as oscillatory integrals on 
the dual °f the second layer and lower bounds for the corresponding operator 
norms can be obtained via the method of stationary phase. In these respects, our 
approach is not dissimilar to the one of 130] . where stationary phase is used to 
study the imaginary powers £*“ of the sub-Laplacian. However the analysis of the 
oscillatory integrals associated to £” turns out to be quite complicated already 
on the Heisenberg groups, where gJ; is 1-dimensional, and a generalization of the 
argument of [30 1 to arbitrary 2-step groups seems very difficult. In comparison, 
the method presented here is much simpler, when applied to Heisenberg (or even 
Heisenberg-type) groups, and the greater complexity involved with more general 
2-step groups becomes manageable. 

For arbitrary 2-step groups, the main difficulty in applying stationary phase is 
showing that the phase function admits nondegenerate critical points. In the case 
of groups of Heisenberg type, the origin of g]) is such a point, but this need not 
be the case for more general 2-step groups. Nevertheless, as we show in Section [3] 
the Hessian of the phase function becomes nondegenerate if we move slightly away 
from the origin in a “generic” direction. One of the ingredients of the proof is the 
fact that certain Hankel determinants of Bernoulli numbers are strictly positive, 
which in turn is related to properties of the Riemann zeta function. 

The inequality ?+(£) < Q/2 is proved in Section 0] The proof follows the 
method developed in ]22] [ 23 ] to show that ?+(£) < d/2 for particular classes of 
2-step groups G. Here we show that a suitable variation of the method, using 
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elementary estimates for algebraic functions, can be applied to arbitrary 2 -step 
groups and sub-Laplacians and always yields an improvement to Theorem [21 

The lower bound in Theorem [3] shows that all the multiplier theorems for ho¬ 
mogeneous sub-Laplacians on 2-step groups with threshold d/2 obtained so far 
pa nn on m] are sharp. Moreover, by transplantation, it gives a lower bound to 
c(£) and s±{C) for all sub-Laplacians C on 2-step sub-Riemannian manifolds and 
all other operators C locally modeled on homogeneous sub-Laplacians on 2-step 
groups. 

An interesting open question is whether Theorem H extends to stratified groups 
of step to > 2. Indeed Theorem d yields, via transference |3j, the lower bound 
?_(£) > (dim 0 i +dim 0 2 )/2 for all homogeneous sub-Laplacians C on all stratified 
groups. Moreover improvements to the upper bound Q/2 in Theorem dare known 
for particular stratified groups of step to > 2 E 12 H- However the methods used 
in the present paper do not apply directly to stratified groups of step higher than 
2 and new methods and ideas appear to be necessary. 
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2. The stationary phase argument 


Let G be a 2-step stratified group and 0 = 0 i ® 0 2 the stratification of its 
Lie algebra; in other words, [ 0 i, 0 i] = 02 and [ 0 , 0 2 ] = {0}. Let d\ = dim 0 i, 
ci 2 = dim 0 2 , d = di + d -2 and Q = d\ +2d 2 . Let Xi ,..., X^ be a basis of 0 i and let 
C = — Y/ti -X -1 be the corresponding sub-Laplacian. Let (•, •) be the inner product 
on 0 i that turns X \,..., X^ into an orthonormal basis. 

Let 02 be the dual of 0 2 and define, for all /x G 02 , the skew-symmetric endomor¬ 
phism J / on 0 i by 

(5) x') = p([x, a/]) for all x, x' G 0 i. 


Consider the space so(0i) of skew-symmetric linear endomorphisms of 0i, endowed 
with the Hilbert-Schmidt inner product determined by the inner product on 0 i. 
Since [ 0 i, 0 i] = 0 2 , the linear map /x H > is injective, so we can define an inner 
product on 02 by pulling back the inner product on so(0i), and endow 02 with the 
dual inner product. 

As usual, we identify 0 with G via exponential coordinates, so the Haar measure 
on G coincides with the Lebesgue measure on 0. If / G L l (G ) and /x G 0 2 , then we 
denote by the /x-section of the partial Fourier transform of / along 0 2 , given by 

r(x)= [ f(x, u) du 

J S2 


for all x € 0 i- 

If A is a left-invariant operator on L 2 (G), then we denote by Ka its convolution 
kernel. Denote for t > 0 by pt = )C e ~tc the heat kernel associated to the sub- 
Laplacian C. Notice that the family of contraction operators e _ , t > 0, admits 
an analytic extension e~ zC for z in the complex right half-plane > 0 ; the 
corresponding convolution Schwartz kernels will be denoted by p z . 

Let T and S be the even meromorphic functions defined by 

T(z) = ———, S(*) = -i—, zeCWfcTT : O^keZ}. 

tan z sin z 


(6) 


sin z 
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Note that J^ is naturally identified with a skew-symmetric endomorphism of the 
complexification (gi)c of gi, endowed with the corresponding hermitian inner prod¬ 
uct, and, for all z G C, zJ^ is a normal endomorphism of (gi)c- Then the following 
Mehler-type formula holds. 

Proposition 4 . For all z G C with Iftz > 0, and for all /iGgj, 

(7) pf(x) = ^ly l/2 det 1/2 S {zJff) exp (T (zJ^x, x)j , 

where roots are meant to be determined by the principal branch. 

Proof. Several instances and variations of this formula can be found in the litera¬ 
ture; see, e.g., and particularly [SJ Corollary (5.5)]. Alterna¬ 

tively, for all p G g%, one can apply the general formula of [2S1 Theorem 5.2] (which 
indeed applies to much wider classes of second order operators than sub-Laplacians) 
to the symplectic form //([■, •]) on (ker J IJ ,) ± and observe that, on ker J M , //-twisted 
convolution reduces to Euclidean convolution and the heat kernel reduces to the 
Euclidean heat kernel. □ 


For all finite-dimensional normed vector spaces V, for all v G V, and for all 
e > 0, denote by Cy(v, e) the set of the smooth functions y : E —>■ K whose support 
is contained in the closed ball of center v and radius e. 

For all x € Cf° (R) and tel, define m* : R —»• C by 

(8) m?(A) = f X (s) e^ x ds = e itA *(A), 

J R 

where x is the Fourier transform of X- In particular mf is in the Schwartz class 
and moreover, for all t G M and a > 0, 


c°°W, 


( 9 ) \\m?\\ L ~ sloc <C atX (l + \t\) a . 

Choose orthonormal coordinates (u ^,..., Ud 2 ) on g 2 and let 

U = ( — id u1 , • • •, — id Ud2 ) 

be the corresponding vector of central derivatives on G. For all \ G C] 

9 G C£°(g 2), and tel, define fl }’ 6 by 

(10) rtf’ 6 = A m x( £ ) e(tu) ■ 

Proposition 5 . For all x G Cr( 0 , 1 / 2 ), 9 G C 0 * ( 0 , 1 ), t > 1 , y G gi, v G Q2, 

e i7rdi/4 /• 

(11) Mt’ ( 2 ty,t 2 v)=r Q/2 /2 d / x(s)I e (t,s,t~ 1 ,y,v)ds , 

( 4 7 r ) C i i / 2 ( 2 7 r)d 2 j R 

where 

I 6 (t, s, r, y,v)= f exp(it$(y, v, p) - ia£(y, //) - /ri?(s, r, y, p)) B(ar, //) 0 (//) dp 
•102 


and 


®(y,v,p) = -(T {iJ^)y,y) + (/z,u), 

B(cr, //) = (1 - cr )~ dl/2 det 1/2 S ((1 - cr) i J M ), 

S( 2/ ,//) = (S(/J M ) 2 y,y) = |S(/J M ) 2 /| 2 , 

R(s,r,y,p) = s 2 (R 0 (sr,iJ,j,)y,y), 

and R 0 is the analytic function on {(cr, z) G C 2 : tr ^ 1, (1 — a)z/n ^ Z \ {0}} 
defined by the following Maclaurin expansion in a: 

(12) (1 - cr) _1 T((l — a)z) = T(^) + S(z) 2 cr + Ro(a, z) a 2 . 
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Proof. For all e > 0 and A £ R, define m x e ( A) = e eX m x { A) and let K t , e = (£), 

f’e = fcm* c (C)e(tu)- Th en, by ©, for all e > 0 and fiGgj, 

K t,c = [ x(s)p^_ i(t _ s) ds, 

Jr 

and so, for all iGfli, 

= Kj? (x) 9{ty) = [ x(s) Pe-i( t - s )(*) 0(tp) ds. 

JR 

In the last integral, the cutoff 9 gives the localization \ty\ < 1 and x gives |s| < 
1/2; moreover t > 1, so \s/t\ < 1/2 and || i(t — s)J M || = |1 — s/t\\ty\ < 3/2 < n. In 
particular, if we apply formula 0 and take the limit as e —»• 0, then, by dominated 
convergence, 


w e nx) = 


(47r) dl / 2 


XO) exp ( - 


4(t- s) 


(T (i(t - s)Jfj)x,x) 


jdl/4: 


det 1 / 2 S (i(t — s)J M ) 9(ty) ds. 


(t-s) d i/ 2 “ v ' v " 111 

Inversion of the partial Fourier transform and a change of variables gives 


nf’ 8 {2ty,t 2 v) = 


1 


(4 7r )^ i / 2 (27r) d2 


exp 


02 


it 2 


t — s 


(T (i(t- s)J fl )y,y) 


rdi/4 


det 1 ^ 2 S(i(t — s)J M ) 9(ty) y(s) v ' ) ds dy 


( t _ s )dr/2- ^ ^ 


0 iTzd \/4 


(47rt) rfl / 2 (27rt) d2 

x exp it 
d 


X(s) / B(s/t,n)8(n) 


'02 


(T ((! - s/t) iJp) y, y) - (//, v))) dy ds. 


1 — s/t 

It is easily checked that ^((1 — cr) _1 T((l — a)z))\ a= o = S(^:) 2 , so is indeed 
a Maclaurin expansion and Ro is well-defined. Moreover m yields immediately 


t ( x g j t ( T ((! - s/t) Up) y, y) - (y, v)^j 

= -t$(y,v,y) + sY,(y,y)+t~ 1 R(s,t~ 1 ,y,y), 
where $ and R are the functions defined above, and the conclusion follows. □ 


We are going to use the method of stationary phase to obtain estimates from 
below of | Ll x ' e |. For this we need nondegenerate critical points of the phase function. 

Proposition 6. Let $ be defined as in Proposition [3 There exist yo £ gi, vq £ Q 2 > 
yo £ g -2 such that 

(13) |mo| < 1, Vp$(yo,vo,yo) = 0, det V 2 $(y 0 , v 0 , y 0 ) ± 0. 

The proof of Proposition [6] is postponed to the next section. We now see how 
this fact can be used to obtain the desired estimates. 


Proposition 7. Let yo £ gi, vq £ Q 2 , yo € 02 be satisfying (fl3l) . Then there exist 
X £ Cr(0,1/2), 9 £ C g *(0,1), and neighborhoods U C g 2 of yo and V C g 2 of vo 
such that, for all t > 1, y £ U, v £ V, 

(14) t Q ~ d / 2 nf e (2ty, t 2 v) = e ind / 4 e it ' s ’ < ' v ’ v ' > A x,e (y, v) + 0(t _1 ), 

where A x ’ e £ C°°(UxV) are real-valued, A x,e {y 0 , Vq) ^ 0, and 0(f _1 ) is uniform 
in (y, v) £ U x V. 
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Proof. Since V 2 <f>(yo, vq, yo) is nondegenerate and V At ( t>(i/ 0 j vo> Mo) = 0, by the im¬ 
plicit function theorem there exist neighborhoods Uo Q fli of yo and Vo Q 02 of no 
such that there is a (unique) smooth function y c : Uo x Vo —>• 02 such that 

V c (yo,v 0 ) = fio, V^(y,v,y c (y,v)) = 0, det V 2 $(y, v, y c (y, v)) ± 0 
for all (y,v) G Uq xVq. 

For all sufficiently small e G (0,1 — | /io I) and all sufficiently small compact neigh¬ 
borhoods U C do of yo and V C Vo of no, if $ € C 0 * (Mo, e) and I e is defined as in 
Proposition 0 then the method of stationary phase pTJ Theorem 7.7.6] yields 

I 9 (t,s,r,y,v) 

= (2tt i/t) d2/2 det _ 1 / 2 (V 2 $(y, v, y c (y, v))) e tt 0 (v ’ v,,iC(y,v)) 0(/Li c (y, v)) 
x B(sr,y c {y,v)) exp(-is£(y, y c (y, v))) exp (~irR(s,r,y,y c (y,v))) 

+ 0{t~ d2/2 ~ 1 ) 


for all t> 1, |s|, |r| < e, y G U, v G V. 

Note now that 

exp(—r, y, y c (y, v))) = 1 + 0(r ) 

and 

B(a, y c (y, v)) = det 1/2 S (iJ M <=(„,„)) + O(ct). 

Consequently, for all t > e -1 , |s| < e, (r/,n) G U x V, 

I d (t,s,t~\y,v) 

= (27r*/t) d2/2 def 1 / 2 (V 2 $(y, „, m c (m,«))) v)) 

x det 1/2 S ( iJfjc ( VtV )) exp(-is£(y, y c (y, v))) + 0(t _d2/2_1 ). 

Therefore, by (fill) , if x €= Cr(0, e), then, for all t > e _1 and (y, v) £ U x V, 

t Q - d / 2 n?’ e (2ty,t 2 V ) 

xit d j 4 

= de * 1/2 S (< W>) 

x det- 1/2 (v 2 $u, u, ii c (y, v))) x(£(y, v c (y, y))) + oft- 1 ). 

By compactness of U and V, the last identity is trivial for 1 < t < e -1 . Therefore 
(flTl) holds for all t > 1, y G U, v G V, if we define A x ' e and ^ by 

T(y,n) = $(y,v,y c (y,v)), 

A x ’ e (y , n) = (47r) -dl/2 (27r) -d2 / 2 det 1/2 S (iJ^ ViV )) 9(y c (y, v)) 
x det _1/2 (V 2 $(y, n, ju c (y, u))) x(£(y, y c (y , u))). 

In particular 


^ x,e (yo,vo) = (4 tt) dl/2 ( 2 ir) d2/2 det 1/2 S(iJ l _ lo )9(y 0 ) 

x det" 1 / 2 (V 2 $(y 0 ,uo,Mo)) x(|S(i J Mo )y 0 | 2 )- 

The conclusion follows by choosing 6 G C 0 * (/zo, e) so that 0(yo) 7 ^ 0, and x G Cr(0, e) 
so that x is real-valued and x(|S(i J Mo )yo| 2 ) 7 ^ 0 ; the latter condition is easily 
satisfied by taking x = Xo (^ -1 •) for some even yo G Cr(0, 1) with xo(0) 7 ^ 0 and 
A > 0 sufficiently small. □ 


Theorem 8. There exists x G Cr(0,1/2) such that, for all p G [1,2], there exists 
C PtX > 0 such that, for all t > 1, 
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Proof. Let yo G 0 i, Vq € 02 , yo G 02 be given by Proposition [ 6 ] Let neighborhoods 
U C 0 i of y 0 , V C 0 2 of v 0 , X G C R (0,1/2), 0 e C fl *(0,1), 'L e x V) be given 

by Proposition [7J 

Note that rnf(C) ^ 0 for all t > 1, because x / 0; hence it is sufficient to prove 
the estimate m for t large. 

Set 

F t (u) = (2n)~ d2 f 0(ty) e i{p ' u) dy. 

JB2 

Then F t = t _d 2 Fi(< _1 -) and 

n?’ 0 = {6 0 ®F t )*K t , 

where K t = }C m *(c) as before. 

Choose x G C 01 (O,c), where c > 0 is a small parameter to be fixed later. Define 
= (x ® So) * = (X ® F t) * Kt = mf(C)(x ® F t ). 

Note that 

& t (x,u) = ( x(x')Clf’ e (x — x , ,u+[x,x']/2)dx', 

J si 

i.e., 

D t (2 ty,t 2 v)= f x(x')flf e (2t(y-x'/2t),t 2 (v+[y,x']/t))dx'. 

J 01 

We would like to apply oi to estimate Hf ,e in the above integral and get a 
lower bound for \£l t (2ty, t 2 v)\ for all sufficiently large t > 1 and all y,v ranging 
in sufficiently small neighborhoods of yo,vo- The problem is that the oscillation 
coming from the factor e lt ^ could produce cancellation by integrating in x'. On 
the other hand | V(t/, i?) | < 1 when y,v range in compact sets. Consequently 

^t^iy—x 1 /2t,v+[y,x']/t) _ (y,v)+ic 0 ( 1 ) 


for all x' € supp %. By taking c sufficiently small, one obtains that there cannot 
be too much cancellation (the integrand remains in a convex cone in the complex 
plane whose aperture is independent of t). So from (1141) we conclude that there 
exist sufficiently small neighborhoods U C 0 ! of yo and F C g 2 of vq such that, for 
all sufficiently large t > 1, y £ U and v G V, 

\n t (2ty,t 2 V )\>t d/2 ~ Q . 


In particular 

Hfitllp ~ t Q/p \Pl t {2ty,t 2 v)\ p dydv^j >t d/2 
where p' = p/{p — 1 ), while 

\\x®F t \\ p ~r d */ p '. 


-Q/p' 


Consequently 

\\m x (n\\ > > +d(l/2-l/p') __ f d( l/p-l/2) 

IK(£)|U P > ||. 0Ft ||^f -* 


and we are done. 


□ 


Corollary 9. ?_(£) > d/2. 

Proof. This follows by comparison of © and gsd. □ 
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3. Nondegenerate critical points of the phase function 

This section is devoted to the proof of Proposition [G] 

Recall that T is defined by ©. Hence 

T(z) = l-J2hz 2k , 

k> 0 

where, for all nonzero k G N, 

(16) b k = (-l) k ~ 1 2 2k B 2k /(2k)\ = 2n~ 2k C(2 k), 

the B 2k are Bernoulli numbers, and f is the Riemann zeta function (see, e.g., [5] 
proof of Theorem 1.2.4]). So 

(17) (T(U li )y,y) = \y\ 2 -J2h\J k y\ 2 . 

k> 0 

Consequently, if $ is defined as in Proposition [5] then 

$(y, v, y) = -\y\ 2 + (y, m) + {v, y), 

where 

(18) $ 0 ( 2 /,m)=E^I J X- 

fc>0 

and moreover 

V M $(y, v, y) = V M $o (y, y) + v, V^$(y, v, y) = V^$ 0 ( 2 /, m)- 

In particular, the proof of Proposition [G] is reduced to showing that there exist 
yo G 0i and yo G 02 such that |/xo| < 1 and V^$o(2/o, Mo) is nondegenerate, because 
then by choosing u 0 = — V M $ 0 (j/o, Mo) we have that (THU) is satisfied. 

Since the linear map y i-A is injective, 02 can be identified with the subspace 
V of so( 0 i) given by 

V = {J li : MG &* 2 }. 

So in the following we will consider $0 as a function 0 i x V —> K. Let V gen be 
the homogeneous Zariski-open subset of V whose elements have maximal number 
of distinct eigenvalues among the elements of V. 

Lemma 10. Let S G V gen and let e G 0 i be such that the orthogonal projection of 
e on each eigenspace of S 2 is nonzero. Let N be the number of distinct eigenvalues 
of S 2 . For all T € V, if 

(19) TS j e = 0 for j = 0,..., 2JV — 1, 
then T = 0. 

Proof. For all t G R, let St = S + tT and let qt be the minimal polynomial of Sf. 
Since Sf is a symmetric linear endomorphism, q t has no multiple roots and, by 
definition of Igen, the degree of q t is at most N. 

From eg) we easily obtain that 

Sie = S j e for all j = 0,..., 2N. 

In particular 

q t {S 2 )e = q t (S 2 )e = 0. 

For all eigenvalues A of S' 2 , if P\ is the corresponding spectral projection, then 
q t (\)P\e = q t {S 2 )P\e = P\q t (S 2 )e = 0, 
but P\ e 7 ^ 0 by assumption and consequently 

qt( A) = 0 . 
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This means that the roots of qt include all the roots of qo- However qo has N 
distinct roots and qt has degree at most N, therefore qt = qo- In particular 

qo ((S + tT) 2 ) = 0 

for all £ G R. By expanding the left-hand side and considering the term that 
contains the highest power of £, one obtains that 

T 2N = 0 

and since T is skew-symmetric this implies that T = 0. □ 

Fix S G V gen and e G 0 i as in Lemma [TUI For all j G N, define 

V-j = \T G V : TS l e = 0 for l = 0,..., j - 1}. 

Note that Vo = V. Moreover Vj D Vj+i and, by Lemma [TUI Vj = {0} for j 
sufficiently large. Let r G N be minimal so that V r = 0 (note that r may be smaller 
than the value 2TV given by Lemma [lUl and in fact r = 1 if G is of Heisenberg 
type). Choose a linear complement Wj of Vj +1 in Vj. So Vj = Wj © V)+i and 

(20) V = W 0 ® • • • ® W r -i. 

In addition, for all nonzero T G Wj, TS l e = 0 for l < j but TS^e ^ 0, and in 
particular the map IT, TS^e G gi is injective. 

Let $ 00 (n) = $o(e,/i) and define, for all sufficiently small e > 0, the bilinear 
form H{e) : V x V -> R by 

H(e) = iv 2 $ 00 (e5). 

Let moreover Hij(e) be the restriction of H(e) to Wi x Wj for all*, j = 0,..., r — 1. 
If we identify bilinear forms with their representing matrices, then we can think of 
Hij(e) as the (i, j)-block of H(e) with respect to the decomposition (IUU1) of V. Note 
that H(e) is an analytic function of e. 

Lemma 11. For all i,j = 0,... ,r — 1, and all small e G R, 

Hij(e)(A,B) 

0(e i+ i +1 ) 

(_l)(i-J)/2 6l+( . +j . )/2C i+i^5ie, BSU) + 0(e i+i+2 ) 

Proof. Note that, by (US, 

V 2 $oo (eS) = Y.bkV 2 $k(eS), 

fc >0 

where $fe(T) = |T fc e| 2 . Moreover the Hessian V 2 $/ c (eS')(H, B) is the bilinear part 
in (A, B) of the Maclaurin expansion of $fe(eS l + A + B) with respect to (A, B). 
Let k > 0. In the expansion of KeS 1 + A + B) k e | 2 , the bilinear part in (A, B) is 

(21) 2(—l) fc e 2fe - 2 Y, (S a AS^BS 1 e, e). 

Q!+/3+7=2/c—2 

If we assume that A £ Wi and B G Wj, then the sum can be restricted to the 
indices a, /3, 7 such that a>i and 7 > j, because the other summands vanish. In 
particular the entire sum vanishes unless 2k — 2 > i + j. 

Hence, if i+j is odd, then m vanishes unless 2k — 2 > i+j + 1, and in particular 
(lUTll is 0(e l+J+1 ) for all k. 



ifi+j is odd, 
if i+j is even. 


SPECTRAL MULTIPLIERS ON 2-STEP GROUPS 


11 


Suppose now that i + j is even. If 2k — 2 > * + j, then 2k —2>i + j + 2 and 
consequently (12T1) is 0(e l+J+2 ). If instead 2k — 2 = i+j, then it must be a = i, 
(3 = 0, and 7 = j, thus m can be rewritten as 

2{-l) k+i+1 e i+j (BS j e,AS i e) 

and we are done, because k + i + 1 = (i — j)/2 modulo 2 . □ 


The following result completes the proof of Proposition [G] 


Proposition 12. For all sufficiently small efiO, H{e) is positive definite. 

Proof. Let M e : V —> V be the linear map defined by M e \w } = (—l)L?/ 2 -M id w 3 for 
all j = 0,..., r — 1. Then, by Lemma fill we can write H(e) as 

H(c)(A,B)=H(e)(M e A,M e B) 

for all A, B g V, where H{e) : V x V -I 1 is a bilinear form whose restriction 
Hi fie) to Wi x Wj satisfies 


Hij{e){A, B) 


In particular 


O(e) if i+j is odd, 

& 1 + (i +J )/ 2 (^45®e, BSfi) + 0(e 2 ) if i + j is even. 


HifiOfiAB) 


0 if i + j is odd, 

6 1 + (i + j) / 2 (AS l e, BSfi) if i+j is even. 


We are then reduced to showing that H( 0) is positive definite; in fact, if Hfif) is 
positive definite, then H{e) is positive definite for all sufficiently small e 0 and, 
for such e 0, H(e) is positive definite too, because M e is invertible. 

Since the linear map 

V = Wo © • • • © W r -1 9 (To,..., T r _r) ^ (TjS j e)^ € 

is injective, we can consider H( 0) as the restriction to a suitable subspace of the 
bilinear form K : x gj —> R given by 


r— 1 

K((v 0 ,... ,v r -i)fiw 0 ,... ,w r -i)) = ^2 Cij{vi,Wj ), 

i,j —0 


where 


0 


C-i 7 — 


if i + j is odd, 
if i + j is even. 


^Ol+(i+i)/2 

So it is sufficient to show that K is positive definite. 

Let ei,..., be an orthonormal basis of gi. Then, in the basis 


(d, 0,..., 0),..., (0,..., 0, ei),..., (e dl , 0, —, 0), —, (0, — ,0, e rfl ) 


of g(, the matrix of K is a d\ x d\ block diagonal matrix, whose diagonal blocks 
are all equal to the matrix C = (c,j) fi =0 . In other words, the matrix of K is of the 
form C ® Idi ■ Hence I\ is positive definite if and only if C is positive definite. 

Since c^- = 0 when i+j is odd, one can also consider C as a 2 x 2 block 
diagonal matrix, where the first block is determined by the even rows/columns and 
the second block by the odd rows/columns. In order to show that C is positive 
definite, it is sufficient to show the positive definiteness of each diagonal block. 
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In conclusion, by Sylvester’s criterion, we are reduced to showing that matrices 
of the form 


^ra+1 

bm+2 

bm-\-s 

bm +2 

bm+3 

^ra+s+1 

\pm-\-s 

bm+s+1 

bm-\-2s— 1 


have positive determinant for all to, s. Determinants involving Bernoulli numbers 
have been studied since long time and explicit formulas for some of them can be 
found in the literature (see, e.g., [I] El]). However for us it is sufficient to show 
that the determinant of the above matrices is positive, which can be easily seen by 
means of properties of the Riemann zeta function (. 

In fact, from the identity bk = 2it~ 2k ((2k), we obtain 


det Z rr! , .s 


2 s 

s(s+m) 


det 


/C(2to + 2) 
((2m + 4) 


((2m + 4) 

((2m + 6 ) 


\^((2m T 2s) ((2 to -f- 2s -t- 2) 


((2m + 2s) \ 
((2m T 2s T 2) 


C(2m + 4s-2)/ 


If © s denotes the permutation group of {1,..., s} and e(a) denotes the sign of a 
permutation a E © s , then the last determinant can be rewritten as 


S 

yi £ w n C ’^ i ++ m -!)) 

<x£© s i=l 


-a E 

e(a)e(T) 

s 

II C(2(o-(i) + r(i) + to - 1)) 

cr,rG© s 


2—1 

-a £ 

£(a)e(r) 

oo oo 

^2 •.. ^2 ^ 2(fT(1)+r(1)+m_1) • • • ^- 2 (°-( s )+ r ( s )+ m - 1 ) 

0-,t6© s 


Ail = 1 k a =l 

oo 

-a5> 

OO 

•■•fc a )-2(2 s+m -l) ( J2 e(<T) fci (S_f7(1)) ■ ■ ■ k 2 s (s ~^ s)) '\ 

’ fei=l 

k 3 = 1 

Vo-ee, / 

1 oo 

■jE- 

oo 

•■•fc s )-2( 2s+m -l) (kf-tf) 2 , 

' fcl=l 

k s =l 

1<2<J<S 


where in the last passage the Vandermonde determinant formula was used, 
particular 


In 


det Z , 77 ,. o — 


g [ 7T 2s(s+m) 


■ ■ ■ 5Z ( fci ■" ks) 


—2(2s+m—1) 


H ( k i - k j) 2 > °> 


k i = l 


k s =1 




and we are done. 


□ 


4. Improvement of the sufficient condition 

We now demonstrate how some estimates obtained in m, combined with ele¬ 
mentary estimates for multivariate algebraic functions, can be used to obtain an 
improvement to Theorem [2] for all 2-step groups. 

Since the skew-symmetric endomorphism defined by (J5]) depends linearly on 

fj ,, we can write a spectral decomposition of ^ — J 2 where eigenvalues and spectral 
projections are algebraic functions of /i. More precisely, as discussed in [Ml §2], 
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there exist nonzero M, rr,..., ru G N and a nonempty Zariski-open homogeneous 
subset 02 r ^ gj such that, for all p 6 02 , we can write 

M 

( 22 ) V^'EW 

1 = 1 

for distinct bf, ..., 6 ^- G (0, oo) and mutually orthogonal projections Pf,..., 
of rank 2 ri,..., 2 ?~m, which are algebraic functions of /z and are real-analytic for 

p G 02 . r - Let moreover P(f = I — [Pf -|- 1 - Pj^) be the projection onto ker for 

all /i S 02 and ro be its rank. 

In terms of the eigenvalues bj and projections P!‘ it is possible to write a fairly 
explicit formula for the Euclidean Fourier transform K,p^ of the convolution kernel 
of the operator F(C), for all F G Namely, for all £ G 0 i and p G 02 r , 

( m \ M 

E(2™i + riWi + Ktf II \ p ^?/ b % 

i=i / i=i 

where £m\t) = 2 k+1 {— l) m e -t Lm^(2f) and is the rath Laguerre polynomial of 
type k, for all IgK and m, fc G N (cf. [241 Proposition 6 ]). As shown in [231 §4], by 
means of this formula it is possible to estimate /z-derivatives of ICp^c) (£> p) in terms 
of expressions analogous to the right-hand side of (fEil) , but involving derivatives of 
P, provided that suitable estimates for ^-derivatives of the bj and Pi' hold. 

For the reader’s convenience, we now state as a lemma a particular case of [JH 
Corollary 19], that will be sufficient for our purpose. For technical reasons, the 
estimate stated below involves a cutoff in the variable p. 

As in m above, fix orthonormal coordinates {u\,... ,Ud 2 ) on 02 and dual co¬ 
ordinates (hi,..., pd 2 ) on 0 j, and let U be the corresponding vector of central 
derivatives on G. Moreover set (t) = 1 + |i| for all t G R. 

Lemma 13. Let D be a smooth vector field, on 02 r , thought of as a first-order 
differential operator in the variable p G 02 r - Suppose that there exists k G (0, oo) 
such that 

\Db^\<Kb^...,\Db%\<Kb^ M , 

||PP 0 1 ||DP&|| <« 

for all p G 02 r - Then, for all F G C£°(R), all \ G C ^°(02 r )> anib a ^ a £ {0, 1 }> 


( P q Af(£)x(u)(^m) < Ck.q E L L E \D k ‘xM\ 

-'Ch "G/q ^[^’°°) ^^ nGN M 


M 


p{ 1l) (+ s o) + r j) b j + v 

0 =1 


M 

n [(^) 1+ ° 5 (nj) a 5 dv u {s) da L {rj), 


j =i 


for all p G 02 r , where I a is a finite set and, for all t G I a , 

• a L , ft L G N M , 7 t , k L Gff,7 1 + < a, 

= ,/3)] and v L is a Borel probability measure on R L , 

• cr L is a regular Borel measure on [0,oo). 


In view of the above lemma, we are interested in estimates for /z-derivatives of 
bj and Pj\ Indeed in m very precise estimates are obtained for particular classes 
of 2-step groups, which eventually lead to proving that $+(£) < d/2 in those cases. 
Here however a simpler estimate will be sufficient, that holds for all 2-step groups 
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and sub-Laplacians and conies from the very fact that the bj and P? are algebraic 
functions of p. 


Lemma 14. There exists a nonzero homogeneous polynomial H : y ® such 

that , for all p £ flj r , 

\^Ukbj/bj \ < j = l,...,M,k = l,...,d 2 , 

\\d n P?\\ < \n\ h - l mpL)\-\ j = 0,... ,M, k = 1,... ,d 2 , 

where h = deg H. 

Proof. Note that the expressions d^bj /bj and d jJk Pfj 1 ' are algebraic functions of p 
and are homogeneous of degree — 1. The conclusion follows by a simple adaptation 
of the proof of [281 Lemma 4.2], taking into consideration the homogeneity (the 
d f j, k Pj l are matrix-valued functions, but one can argue componentwise). □ 


We can now combine the two lemmas above to obtain weighted L 2 -estimates and 
L 1 -estimates for K.p(c) and eventually prove that $+(£) < Q/ 2. 

Proposition 15. Let H and h be as in Lemma \Lf\ and set ho = max{/i, 1}. 

(i) For all compact sets K C R, for all fj > 0, for all a € [0, (2ho)^ 1 ), for all 
s > (3 + a, if F : R —> C is supported in K, then 


[ (1 + |x| + \u\ 1,2 Y (1 + |u|)“ K. F (c)(x,u) dxdu < C K ,a,p,s\\ F \ 
JG 


2 

ws- 


(ii) For all compact sets K C R, for all s > Q /2 — (2/io) 1 , if F : R —> C is 
supported in K, then 


II K-f(c) Hi < C k ,s\\F\\w‘- 

Proof. Without loss of generality, we may assume that F is smooth. 

Set H(p) = \p\~ h \H(p)\. Fix k & {1,... , efe}- Define the first-order differential 
operator D on by 

D = \p\ H{p)d flk . 

By Lemma El 

\D a bj\ < b?, \\D a Pf\\ < 1 
for a = 0,1. Moreover, by homogeneity considerations, 

\D a \p\\<\p\, \D<*(H(p))\<H(p) 

for a = 0,1. In particular, if we choose nonnegative functions x,X £ (^“((0, 00 )) 
such that 

(24) £ X (2 fc A) = l 

fee z 

for all A € (0, 00 ) and \x = Xi and if we define, for all p, S £ (0, 00 ), 

x p Ap) = x(p~ 1 \p\)x(s~ 1 h{p)), x p Ap) = x(p~ 1 \p\)x(s~ 1 h(p)), 

then 

\D a X P A 2 X P ,S 

for a = 0,1, uniformly in p,6 £ (0, 00 ). 

Therefore Lemma ITOl gives that, for all p, S G (0, 00 ), 


D a }C 


F(C) Xp.dU) 


M 


(€,P>) df<C a ^2 / 53 XpAp) 


ei a [o,°o) Jr l ngN M 


j ^(2 (rij + sj) + rj)b £ + p 
l=i 


M 

n [(Pj) 1+a Hnj) a ^ dv L (s) da L (p), 


l=i 


x 
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for a = 0,1, where /Cp(c) Xp s (u) is the Euclidean Fourier transform of ICp^c) Xp 4 (u) > 
I a is a finite set and, for all l £ I a , 

• a\ / 3 ‘ £ N M , 7 t e N, 7i < a, 

• -Ri = njii and v l is a Borel probability measure on R L , 

• <r L is a regular Borel measure on [0, oo). 

If we assume that suppF C K for some compact set K C R, then in the above 
integral the quantities bj(rij ) are bounded where the integrand does not vanish. 
The previous inequality and the Plancherel formula then yield 


[ Uk £ F (C)x p ,6(V)( X i U ) dx du < C K ,a IILLY. XpAp) 

** & ^[ 0,o °) nGN M 


M 


+ S J') + r /) & / + V 


u =1 


M 


(\p\ H(h)) 2 “ Yltf dp,du l (s)da,(r]). 
j =i 


Passing to polar coordinates in the inner integral in p, and rescaling gives 


u% £f(C) Xp ,6(v){x,u) dxdu < C K ,otP 


M-\~d ,2 —2a r—2a 


E 


E 


P~ l A 


"'l 0 ’ 00 ) ^ Js *i ' V Ejii ( 2 K' + s o) + r i) b [ 


M 


d\ 


F blL ' > (A + 77 ) x(<5 1 H(u>)) ~ dudv^da^rj) 


j=i 


where i'g* is the unit sphere in gS. In the above sum in n, the number of nonvan- 

i?=iW 


ishing summands is bounded by a constant times (p 1 X) M \ hence 


ut ^F(C)x P ,s(v){x,u) dxdu<C K , a p d2 2a 5 2a I x(<5 L H(u))duj 


r r°° 2 

^ / / F™( A+ 7 ) \ M ~ X d\d<j L (rj). 


By using again the fact that supp-F C K , we finally obtain 


(25) 


M“ £f(C) Xp ,5(u)(x,u) 


2 

dx du 


< CK,a\\F\\w? P' 


r d ,2 —2a r—2a 


X(S 1 H(uj))duj 


for all p,S £ (0,oo) and for a = 0,1. Interpolation then gives the inequality (Ei5l) 
for all a £ [ 0 , 1 ]. 

Note now that, by (TH1) . 


F (Q = E E F ( £ )X 2-™,2-«(U), 

mGZ ZGZ 
m>m 0 1>Iq 

where mo € Z depends on the compact set K (cf. [24] proof of Proposition 22]) 

and Iq £ Z on maxg „ FI. In particular, from (1251) and Minkowski’s inequality we 
0 2 

obtain that, for all a < min{l, c? 2 / 2 }, 


1/2 
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On the other hand, for all e > 0, by the Cauchy-Schwarz inequality, 

, 1/2 

E 2 ^' 


lez 

l>lo 


x(2 1 H(oj)) dc^ <cjj2 2 2( “ +e)i / X(2 l H[u)) dc^ 

J \ie z Js »i J 

< C e(^J # M“ 2(a+<0 du)j . 

Since H is a homogeneous polynomial of degree h , the last integral is finite when 
a + e < (2 h)~ l (see, e.g., [23 Lemma 2.1]). Hence, for all a < (2h 0 )~ 1 , 

f f 2 \ 1 / 2 

(26) (J \u\ a K F ( C ){x,u) dxduj < C K , a \\F\\ W o,. 


Interpolation of (1261) with the standard estimate of m Lemma 1.2] (see, e.g, the 
proof of [22] Proposition 12]) then gives [(!)] and (ii) follows by Holder’s inequality 
(see, e.g., the proof of [22] Proposition 3]). □ 

Corollary 16. If ho is defined as in Provosition 1 1 51 then 

<;+{£) <Q/2-l/{2h 0 )<Q/2. 

Proof. This follows from Proposition [Hjl' ii) | and the fact that, by homogeneity of £, 

II K-F(tC) 111 = II ^F(C) 111 

for all t > 0. □ 
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